The be a connected graph with vertex set ( ) and edge set ( ). A subset ⊆ ( ) is called a dominating set of if for every vertex in ( ) ⧵ , there exists at least one vertex in such that is adjacent to . An ordered set ⊆ ( ) is called a resolving set of , if every pair of vertices and in ( ) have distinct representation with respect to . An ordered set ⊆ ( ) is called a dominant resolving set of , if is a resolving set and also a dominating set of . The minimum cardinality of dominant resolving set is called a dominant metric dimension of , denoted by ( ). In this paper, we investigate the dominant metric dimension of some particular class of graphs, the characterisation of graph with certain dominant metric dimension, and the dominant metric dimension of joint and comb products of graphs.
Introduction
In this paper, the graph is simple, connected, and undirected. Let be a connected graph of order with the vertex set ( ) and the edge set ( ). The notation ∼ means that the vertex is adjacent to vertex or simply ∈ ( ). The distance from two vertices and is denoted by ( , ). The subset ⊆ ( ) is called a dominating set of if for every vertex in ( ) ⧵ , there exists at least one vertex ∈ such that ∼ . The minimum cardinality among dominating sets of is called a dominating number of and denoted by ( ) [1] . An ordered set = { 1 , 2 , 3 , ..., } ⊆ ( ) is called a resolving set of if every pair of vertices , ∈ ( ) have distinct representation with respect to , that is, ( | ) ≠ ( | ), where ( | ) = ( ( , 1 ), ( , 2 ), ( , 3 ), ..., ( , )). The minimum cardinality among resolving sets of is called metric dimension of and denoted by ( ). The characterisations of metric dimension of graphs were studied by Chartrand, et al. [2] . Various research on the concept of metric dimension of graphs have been carried out by Sebo and Tannier [3] , Okamoto, et al. [4] , Ramirez, et al. [5] , for strong metric dimension, local metric dimension, and simultaneous metric dimension, respectively. Meanwhile, Susilowati, et al. [6] constructed the opposite concept of metric dimension namely complement metric dimension. Metric dimension of some operations of graphs have been obtained, namely, metric dimension of comb product graphs [7] , joint product graphs [8] , and corona product graphs [9] . Several operation proper-* Corresponding author.
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ties in graphs related to metric dimensions are also studied by [10] , [11] , and [12] .
Brigham, et al. [13] combined the concept of metric dimension and dominating set by term resolving domination number, denoted by ( ) and got some result that { ( ), ( )} ≤ ( ) ≤ ( ) + ( ). Later, Henning and Oellarmann [14] defined the same concept with different terminology, namely, metric locating dominating number of graph , denoted by ( ) and got some results on the lower and upper bounds, that is, ( ) ≤ ( ) ≤ − 1. Then, Gonzalez, et al. [15] examined the same concept with different lower and upper bounds, that is, { ( ), ( )} ≤ ( ) ≤ ( ) + ( ). We investigated that the lower bound on metric locating dominating number of Henning and Oellarmann is not sharp, while the upper bounds on metric locating dominating number given by Brigham, et al. and Gonzalez, et al. are not sharp.
In this paper, we modified the definition of metric locating dominating number and used terminology of dominant metric dimension. Furthermore, we apply this concept for some particular classes of graphs as well as the graphs resulting from comb and joint products.
First, we recall some results on the dominating number and metric dimension of some known graphs. More details and the proofs can be seen in [2] and [16] . The next results shall be used for proving the main results of this paper.
Lemma 1. [17] Let be a connected graph and ⊆ ( ).
If contains a resolving set of , then is a resolving set of .
Main result
We start this section with the definition of the dominant metric dimension as follows. Let be a connected graph. An ordered set ⊆ ( ) is called a dominant resolving set of if is a resolving set and a dominating set of . The dominant resolving set with minimum cardinality is called a dominant basis of , while the cardinality of dominant basis is called a dominant metric dimension of and denoted by ( ). The property of the dominant resolving set is needed to facilitate the proof of the main result.
Lemma 2. Let be a connected graph. If there is no dominant resolving set of with cardinality , then any set
⊆ ( ) with | | < , is not a dominant resolving set.
Proof. Let be a connected graph. Suppose that there is no dominant resolving set of with cardinality and there exists a dominant resolving set ⊆ ( ) with | | < so that for every , ∈ ( ) we have ( | ) ≠ ( | ) and is a dominating set of . Moreover, there exists a subset
Since is a resolving set and a dominating set of , one can easily see that ∪ is a resolving set and a dominating set of . So that, ∪ is a dominant resolving set of which is a contradiction. Thus the result follows and the proof is completed. □ Based on the results from [13] , [14] , and [15] , the lower and upper bounds are not sharp. So that, the following lemma gives sharp lower and upper bounds for the dominant metric dimension.
Lemma 3. Let be a connected graph of order . Then
Proof. Let be a connected graph of order . Since the dominant metric dimension of a graph is greater than its dominating number and its metric dimension, then ( ) ≥ { ( ), ( )}. Furthermore, since the resolving set and the dominating set of a graph are possible to not intersect, and since a subset of ( ) which consists of − 1 vertices in graph always becomes resolving set and dominating set of graph , then
We have shown that the lower and upper bounds of the dominant metric dimension are sharp. Now, we determine the dominant metric dimension of cycle, path, complete, and complete bipartite graph. The next lemma shows the property of resolving set of a cycle graph.
Lemma 4. Let be a connected graph. If
Proof. Let be a connected graph and
with ≠ causes ( , ) = 0 and ( , ) ≠ 0, then there exists 0 on -th element of ( | ) for every ∈ . Conse- 
Similarly, for even , we have
is the resolving set of . □
We now ready to prove the dominant metric dimension of a cycle for ≥ 7 as presented in the following theorem.
Theorem 1. If is a cycle of order ≥ 7, then ( ) = ( ).
Proof. Let be a cycle of order ≥ 7 with vertex set ( ) = { | = 1, 2, 3, ..., } and edge set
by Lemma 5, we get that is a resolving set of . Moreover, we can show that is a dominating set of . Since ( ) = { +1 | = 1, 2, 3, ..., − 1} ∪ { 1 }, we get that 3 −1 ∼ 3 −2 and 3 ∼ 3( +1)−2 . Therefore is a dominating set of . Consequently, is a dominant resolving set of . Since ( ) = ⌈ 3 ⌉ , we can conclude that is a dominant resolving set of with minimum cardinality and ( ) = ( ), for ≥ 7. This completes the proof. □
In the next theorem, we show the dominant metric dimension of a star for ≥ 2.
Theorem 2.
If is a star of order ≥ 2, then ( ) = − 1.
Proof. Let be a star graph with vertex set ( ) = { | = 0, 1, 2, ..., − 1}, and edge set ( ) = { 0 | = 1, 2, 3, ..., − 1}.
We can see that
Therefore, is a resolving set of and every vertex of ( ) ⧵ is adjacent to vertex 0 in . Thus is a dominant resolving set of . Now, we are going to prove that is a minimum dominant resolving set. Take any set ⊆ ( ) with | | < | |. Let | | = − 2, then there are two cases to be considered, namely, 1.
does not contain vertex 0 . Without loss of generality, let = { | = 1, 2, 3, ..., − 2}. There is vertex −1 ≁ , for every ∈ . Thus, is not a dominating set of . 2.
contain vertex 0 . Without loss of generality, let 2, 2, 2, 2 , ..., 2) which implies that is not a resolving set of . Based on the above two cases, is not a dominant resolving set of . Moreover, by Lemma 2, any set with | | < | | is not a dominant resolving set of . It can be concluded that is a minimum dominant resolving set of , and so ( ) = − 1. □ Since ( ) = 1 and = ( ) = − 2, so Theorem 2 shows that there is a graph whose
Proof. Let , be a complete bipartite graph with vertex set
) and
). Consequently, is a resolving set of , . On the other hand, since
so that is dominating set of , . As a result, is a dominant resolving set of , . Furthermore, since ( , ) = + − 2, we can see that is a dominant resolving set with minimal cardinality, and it can be concluded that 
Since 1, 1, … , 1, 1, 1) … ( − 1) ⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ . Therefore, is a resolving set of and every vertex of ( ) ⧵ is adjacent to vertex in . We can say that is a dominant resolving set of . Since ( ) = − 1, it concludes that is a dominant resolving set of with minimum cardinality and ( ) = ( ). □ Theorem 5 shows that the given upper bound in Lemma 3 is sharp, because ( ) = 1, so that ( ) + ( ) = > − 1. In the following theorem, we characterise all graphs with ( ) = 1.
Proof. Let be a connected graph with ( ) = 1 and { } ⊆ ( ) is a dominant basis of . Then, for every , ∈ ( ) ⧵ { }, and are adjacent to , and ( |{ }) ≠ ( |{ }). Suppose that ≇ , = 1, 2, there are two cases: ≅ , ≥ 3 or is not a path graph. Consequently, there is no singleton set as a dominant basis of , contrary to the fact that ( ) = 1. Based on the explanation above, it can be concluded that if ( ) = 1 then ≅ , = 1, 2. Conversely, it is easy to see that if ≅ , = 1, 2 then ( ) = 1. Therefore, ( ) = 1 if and only if ≅ , = 1, 2. □
In the next results, we determine the dominant metric dimension of some operation product graph, namely, joint and comb products graphs.
Joint product of two graphs and , denoted by + , is a graph with vertex set ( + ) = ( ) ∪ ( ) and edge set ( + ) = ( ) ∪ ( ) ∪ { | ∈ ( ) and ∈ ( )}. From this definition, we get some properties of the join product of graphs below.
Observation 1. The followings hold.

1.
( + ) = 2. 2. ∀ ∈ ( ) and ∀ ∈ ( ), { , } is dominating set of + . 3. ∼ , ∀ ∈ ( ) and ∀ ∈ ( ). with ≠ . Moreover, we get
representation of with respect to is described below.
Consequently, is a resolving set of , + , . On the other hand, since 1 2 ∈ ( , + , ) for every 1 ∈ ( , ) and 2 ∈ ( , ) we get that 1 . So, is not a resolving set of , + , . 2, 3 , ..., − 1}, there exist two vertices with the same representation
. So, is not a resolving set of 1, 2, 3, ..., − 1} ∪ { 1 | = 1, 2, 3 We omit the proof, as + is also a complete graph, it follows from Theorem 5. The following theorem shows the dominant metric dimension of comb product of graph and , .
Theorem 9. Let be a connected graph of order greater than one. If
Proof. Let be a connected graph of order greater than one with ( ) = { | = 1, 2, 3, ..., } and , is a complete bipartite graph with 2, 3, ..., ; = 1, 2, 3 , ..., } for ≥ 3 and ≥ 3. Let ( , ) be the -th copy of , . Without loss of generality of proof, let 1 be a grafting vertex of , , = { | = 2, 3, 4..., } ∪ { | = 1, 2, 3, ..., − 1} is a dominant basis of , as described on Theorem 3, and is a dominant basis of ( , ) so that for every = 1, 2, 3, … , , we have
we have ( | ) ≠ ( | ) for every , ∈ with ≠ . Moreover, we get ( ⊳ , ) ⧵ = { 1 , , | = 1, 2, 3, … , }. Take any two vertices in ( ⊳ , ) ⧵ . There exists nine possibilities. Each of these possibilities will be shown that every vertices representation with respect to is different.
{ ⧵ { }} is a resolving set. Moreover, since every vertex 1 , ∈ ( , ) , = 1, 2, 3, … , is adjacent to 1 ∈ , = 1, 2, 3, … , and every vertex ∈ ( , ) , = 1, 2, 3, … , is adjacent to 2 ∈ , = 1, 2, 3, … , , then is a dominating set. Therefore,
Then there exists such that contains | | − 2 elements of ( , ) . Consequently there exists two vertices in ( , ) that have same representation with respect to , so that is not a resolving set of ⊳ , . Therefore, is not a dominating set of ⊳ , . Based on Lemma 2, any set with | | < | | is not a dominant resolving set of ⊳ , . There- for every , ∈ with ≠ . Moreover, we get ( ⊳ ) ⧵ = { 1 , | = 1, 2, 3, … , }. Take any two vertices in ( ⊳ ) ⧵ . There exists nine possibilities. Each of these possibilities will be shown that every vertices representation with respect to W is different. I. Sa'adah, R. Z. Fauziyyah: Analyzed and interpreted the data; Contributed analysis tools or data.
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